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Answer two questions.

Start the answer to each question in a fresh book.

The use of approved calculators is permitted.

A list of physical constants and conversion factors accompanies this paper.

The numbers in the margin indicate the weight that the Examiners expect to
assign to each part of the question.

Do NOT turn over until told that you may do so.

Page 2 contains physics formulae and data for this paper.

The questions start on page 3.



Expressed in terms of the Christoffel symbols ', the Riemann tensor has components
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The Ricci tensor is defined as Rog = —Rva By When expressed in a basis in which the

metric tensor g,g is diagonal, it can be written as
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where |g| is the modulus of the determinant of g,gs.

The Einstein equation is

81

1
R.p — igaﬁR + Agap = _CTTaﬁ’

where R = go‘ﬁRag is the Ricci scalar, A is the cosmological constant and T3 is the

energy—momentum tensor.

For the line element

dr?
1 — kr?

ds? = =2 dt*> + R(t) [ + 72 d6? + r?sin? 0 dg?

the Einstein equation can be written as the pair of equations
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where p and p are the rest-frame density and pressure, respectively.
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1. The Riemann curvature tensor can be written as:

1 829)\11 829;11/ 829)\5 a2gun n n
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(a) State its symmetries without proving them.
(b) It obeys the Bianchi identities that are central to General Relativity, and can
be written in this form:

Rxpvrn + Bxumpie + Baprn = 0.

What is meant by the *;” symbol? From the Bianchi identities, derive:

14 14 R
(RH — gu 2> = 0.
s

Clearly define all the symbols used and explain why it is useful to construct such a
tensor with vanishing divergence.

(c) Consider the following form of the field equations:

R
R/“/ — g’“'§ = CTuy.

Note the lowered indices. Show that this can be written as:
R, =CS,,

where Sy, = Ty — g,/ T/2, and C is a constant.

(d) The Newtonian limit implies a non-relativistic source particle producing a
weak and static gravitational field. Write down the definition of the Ricci tensor R,
and specifically the Ry term. At the Newtonian limit, show that Ry = %Cch, where
p is the Newtonian mass density and ¢ the speed of light. Write down the Riemann
tensor in the weak field limit, and then Ry specifically. Simplify Rgo by assuming the
static limit, to show:

1
Royp = §V2900-

(e) Finally, define C such that Poisson’s equation for gravity is satisfied in the
Newtonian limit, taking goo ~ —(1 + 2®/c?).

A16729W1 3 [Turn over]



2. (a) For a curved spacetime, show how the metric tensor g,, can be expressed
in terms of a suitable constant tensor and relations involving a set of locally inertial
coordinates £“.

(b) Write down an equation defining the covariant derivative of a vector A*, and
a clear explanation of its usefulness in a curved spacetime. In your definition, use and

define the Levi-Civita affine connection Fi‘w, and state its symmetries.

(c) Using your definitions, show explicitly that the covariant derivative of the
metric g, vanishes.

(d) Now define the metric tensor using the basis vectors e, and e€,. Assuming
that the object I'?, is defined through:

Oe b
({)xz = Lacer,
show that: 5
Jab
8;c = 11gcgdb + Fgcgad .

What does this tell you about T%,.?

(e) For the 2D surface of a 3D sphere of radius R, evaluate e4 and e from the
transformation laws for the basis vectors, and show that the metric g;; is given by:

o _p2(96 96¢\ _ p2 (1 0
9o = H (%9 9¢¢>> f <0 sin® 9)’

where 0 and ¢ are defined using the standard definition of polar coordinates.

(f) Parallel transport of a vector V along a curve of constant 6 on the surface
of this sphere results in the components of V in 6 and ¢ changing according to the

equation:
ove
‘/;g - aid) +F§¢Vb =0.

Compute the non-vanishing affine connection coefficients for this surface to show that:
VY% = Acos(¢cosh) + Bsin(¢cosb)

and

Asm@ cos ) B cos(g.b cos ) .
sin 0 sin #

Ve — _

If V has components (V% V%) = (1,0) at & = 7/3 and ¢ = 0, show that the final
components of V when parallel transported along a full circle of ¢ with constant 6, are
(-1,0). Comment on the magnitude of V. Why do you not expect the length of the
vector to change?
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3. A point source is emitting a beam of photons that is deflected slightly by the
presence of a massive body at a large distance to the source.

(a) Using a diagram, describe the path of a single photon. Make sure to carefully
indicate the deflection angle § and the impact parameter b. Explain clearly the reference
path with respect to which you are defining the deflection angle.

(b) Assume that spacetime around this massive body follows the Schwarzschild
metric. Using a Lagrangian, show that the radial equation of motion can, in general,

be written as: 9 9 9 2.4
dT 2 cr cr

— Bll1+ 5= |=—

<d¢) o ( i vﬁoﬁ) J?

in standard spherical coordinates, where

_2GM

B=1 .
rc2

Explain the meaning of the constants J and 7.
(c) Show that the path of the photon obeys
" 3GM
u +

2
= u
c2

where v = 1/r and ’ indicates derivatives with respect to ¢. Obtain the solution in the
case where the term on the right hand side is zero. Now, by expanding v as a sum of Oth
(up) and 1st order magnitude (u1) terms in 1/c?, show that, for the first order terms,

3GM (1 —cos2¢)
" .
Uy +up = 02 2b2 .

AGM
(d) The total deflection can be shown to be = 5, which you do not need to prove

here. A luminous astrophysical point source at a distance D emits light isotropically.
For an observer on Earth this source lies on the extended line of sight to a black hole
of mass M which is located much nearer to Earth at distance L < D. Describe the
resultant image of the point source on the sky. Show that the angular size 20 of the
image is given by the equation:

1GM (D~ 1)

20 =2
c? LD
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4. (a) Assume that the distance to the Moon is 4 x 10° km. If the Earth and the
Moon independently drifted with the Hubble flow, then by what velocity would the
Moon be receding? Express your answer in cm per year.

(b) The actual recession velocity of the Moon is measured to be 3.8 cm per year.
Should modellers of the Earth-Moon system take into account the Hubble expansion of
the Universe when they do their calculations? Explain your reasoning very clearly.

(c) Consider a spherical region of radius rg with a small excess mass JM (relative
to the critical value) in an Einstein-de Sitter (EAS) universe. The initial velocity at the
surface rg, relative to the centre of the sphere, is exactly what it would be in an EdS
universe without the excess mass. Show that the co-moving time 7 at which the sphere
stops expanding and begins to recontract is given by an equation of the form

A/B r
/TO dm/iA_Br:T.

Express the constants A and B in terms of the gravitational constant G, M, § M and
ro, where M is the total mass of the sphere.

(d) Little error is incurred if we set the lower limit of the integral to zero, but
retain g everywhere else. Using this approximation, solve for 7 in terms of G, M, 6 M

! u T
and 79. [You are given that / du = -]
0 1—u 2

(e) One of the most important tools of modern cosmology is a study of the rela-
tive temperature fluctuations, AT'/T, in the cosmic microwave background (CMB) due
to density fluctuations. An over-density causes time to pass a little slower near the
fluctuation. Assume that in our above example the fluctuation has been caused by an
adiabatic compression. Show that the initial AT/T resulting from time delay is given
by the two terms:

AT GOM AR

T roc2 R
where AR/R represents the local relative change in the scale factor of the Universe
due to the effects of the density fluctuation. Be very clear in your explanation of the
physical origin of these two terms. In particular, what is the sign of the final term for
an over-density fluctuation?
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2 2.

2.a (a)

At a point P in curved spacetime, we can choose locally inertial coordinates
&Y (v =0,1,2,3) such that the metric tensor g,, approximates the Minkowski
metric 7,,, which is a constant tensor. Specifically, we can set the conditions
at point P as:

L. Q;W(P) = Npv

2. 6,\gW(P) =0

Expanding the metric tensor about the point P in a Taylor series and keeping
terms up to the second order, we have:

g/u/(x) = Nuv + aAaag;w(P)g)\gU + 0(53) (1>

where O(£3) represents terms of third order and higher in ¢*, which we are
neglected for the locally inertial approximation.
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2.b  (b)
The covariant derivative of a vector A* is defined as:
A}, =0,A+ T, A" (2)

Here, 8,“4A is the ordinary partial derivative of the vector, while I'*uv is the
Levi-Civita connection (also known as the Christoffel symbol of the second kind),
which corrects for the curvature of the spacetime. It is defined in terms of the
metric guv as:

1
A A
T = 29 P(Ougpv + Ovgpu — Opgur) (3)
The Levi-Civita connection l"f;l, has two important properties:
1.Symmetry in the lower indices: The connection is symmetric with
respect to its lower two indices. This means that if we swap the positions of the
lower indices, the value of the connection remains the same:

Lo =T, (4)

This property simplifies the computation of covariant derivatives and plays
an important role in the derivation of the geodesic equation.

2.Metric compatibility: The connection is compatible with the metric,
meaning that the covariant derivative of the metric tensor g,, with respect to
any direction A\ vanishes. Mathematically, this condition can be written as:

Vgur = Guvix = Onguw — FZ,\QW = I0\gup =0 ()

This property ensures that the length of a vector remains unchanged when
it is parallel transported along a curve, which is a fundamental requirement in
the geometry of curved spacetime.

2.c (c)

We can show that the covariant derivative of the metric tensor g, vanishes using
the definition of the covariant derivative and the definition of the Levi-Civita
connection.

The covariant derivative of g, is given by:

Guvix = Onguw — Lingor = T')\Gup (6)

Substituting the definition of the Levi-Civita connection into this equation,
we get:



Guvi
(7)
L o L o
59 (a,uga)\ + 8)\94:/'# - aog,u)\)gpu - 59 (auga)\ + a)xgau - aaguk)g,up
(8)

The terms involving the partial derivatives of the metric tensor will cancel
out, leaving us with:

= a)\guu -

Guvix =0 (9)

This demonstrates that the covariant derivative of the metric tensor van-
ishes, as required by the property of metric compatibility of the Levi-Civita
connection.

2.d (d)

The metric tensor g, in a coordinate basis e, is defined as the dot product of
the basis vectors:

Gab = €4 " € (10)

Differentiating this expression with respect to z¢, we have:

8gab o aea e e %
ox°  dxc ° ¢ dxc

Using the given definition gii = I'd ey, we rewrite the derivatives of the

basis vectors:

(11)

89111;
oxc

Finally, substituting gq, = eq - €, and g.q = €, - €4, we obtain the desired
result:

= Fgced -ep e, - Fffced (12)

agab
oxc

This result shows that I'®,_ is the Christoffel symbol and is compatible with
the metric since the derivative of the metric can be expressed in terms of the
connection and the metric itself. This implies that the metric and connection
define a unique way to parallel transport vectors along a curve in the manifold,
preserving their length and angle with respect to the metric.

= Fgcgdb + Fgcgad (13)



2.e (e)

Basis vectors efl and e¢ can be found by differentiating the position vector r =
Rsin 6 cos ¢i + Rsin @ sin ¢j + R cos 6k with respect to the coordinate variables
0 and ¢

The basis vectors ey and ey are obtained by differentiating the position
vector r = Rsin 6 cos ¢i+ Rsin 0 sin ¢j + R cos 6k with respect to the coordinate
variables 6 and ¢, respectively:

ey = % = Rcosf cos ¢i + RcosOsin ¢j — Rsinbke, (14)
or

-7 15

3 (15)

= —Rsinfsin ¢i + Rsin  cos ¢j (16)

The metric tensor components g;; are then obtained by taking the dot prod-
uct of the basis vectors:

goo = €q - €9 = R” (17)
g¢¢ = e¢ . e¢ = R2 sin2 9 (18)
Gy = Gpo = €9 - ey =0 (19)

This gives us the metric tensor as:

_p2f 960 gos \ _ p2( 1 O
g =1 (%9 9¢¢)R (0 Sin29> (20)

This confirms the usual form of the metric tensor on a 2D spherical surface
embedded in 3D space, demonstrating that distances scale with the radius R
and that there is no mixed term, as the coordinate lines of constant 6 and ¢ are
orthogonal.

2.f (f)
We start by recalling the expression for the Christoffel symbols:

1
be = §gad(5bgdc + 0cgbd — Oage) (21)
Using the components of the metric tensor g, that we have derived previ-

ously for the 2D surface of a 3D sphere, we find that the only non-zero Christoffel
symbols are:

ng) = —sinfcos¥, F§¢ = Fﬁa = cot 0 (22)



The equation for the parallel transport of a vector V along a curve of con-
stant € on the surface of the sphere is:

a ava a
This gives us two equations:
v
& ¢ _
P sinfcosOV? =0 (24)
¢
% + cot OV? =0 (25)

These are a set of coupled ordinary differential equations which can be solved
by standard methods (e.g., by decoupling using the method of substitution or
the method of matrix exponentiation). The solutions are:

V% = Acos(¢cos ) + Bsin(¢cos ) (26)

_Asin(qbcos 0) N Bcos(¢>cos 0)

Ve =
sin 6 sin 0

(27)

Given the initial conditions § = 7/3 and ¢ = 0 and the initial components
(Vg, V¢) = (1,0), we can determine the constants A and Bas A =1and B = 0.

Therefore, the components of V when parallel transported along a full circle
of ¢ with constant 6, are (V?,V?) = (cos(27 cos(m/3)),0) = (—1,0).

As for the magnitude of V, it remains unchanged under parallel transport,
as parallel transport is defined to preserve the inner product of vectors. This is
consistent with the metric compatibility of the Levi-Civita connection, and it is
one of the fundamental properties of parallel transport. Hence, the magnitude
of V remains constant along the entire path.



3 3:Skip

4 4.
4.a (a)
7Km/s
Ho= ~ip C/ — 1 parsec = 3.086 x 10°km (28)
1Mpc = 10%pe. (29)
70k
Hy ~ WS 9968 x 107185 (30)

(3.0861019 km)

We're given the Distance D is 4 x 10° km So If the Earth and the Moon were
to follow the Hubble flow, we can use the Hubble’s law to estimate the rate at
which the Moon would be receding from the Earth. Which would be given by.

HoyD =v (31)
(2.268 x 107"¥571) x 4 x 10° km (32)
=9.072 x 107 ¥ Km/s (33)
So
v =19.072 x 10" ¥*Km/s (34)

Then we convert this to Cm/year 1IKm = 105Cm, sec1Yr = 525600 x 60 So, we
then convert

(9.072 x 107 *Km/s) x (525600 x 60) x (10°Cm) (35)
Cm
= 2.862
862 (36)

Therefore we have a recession rate of

Cm

2.862
Year

(37)

4.b (b)

The dominant forces acting in the Earth-Moon system are gravitational and
tidal forces, not the expansion of the universe. The gravitational force between
the Earth and the Moon is much stronger than the effect of cosmic expansion at
such short distances. Tidal forces are gradually transferring angular momentum
from the Earth to the Moon, causing the Moon to slowly recede from the Earth.

The Hubble expansion is most noticeable at cosmological scales, where the
effect of gravity becomes weaker due to larger distances involved. In such sce-
narios, the expansion of the universe can overcome the gravitational attraction
between galaxies, causing them to recede from each other.



In the context of the Earth-Moon system, the effect of the Hubble expansion
is so minuscule that it is overwhelmed by the gravitational and tidal forces.
Therefore, it is generally ignored in the modeling of the Earth-Moon system.
The discrepancy between the calculated Hubble flow recession (2.862 cm/year)
and the observed recession (3.8 cm/year) is primarily due to these other effects,
rather than an underestimation of the effect of the Hubble expansion.

4.c (c)

In an Einstein-de Sitter (EdS) universe, we have a matter dominated, spatially
flat (kK = 0) model with no cosmological constant (A = 0). The density param-
eter Q,, = 1, and the scale factor evolves with time according to a(t) oc t/3.

Consider a spherical region of radius ¢ with a small excess mass §M (relative
to the critical value) in this EAS universe. The initial velocity at the surface
ro, relative to the centre of the sphere, is exactly what it would be in an EdS
universe without the excess mass. To find the co-moving time 7 at which the
sphere stops expanding and begins to recontract, we consider the conservation
of energy in this region.

For a test mass on the surface of the sphere, the total energy in the EdS
universe is given by E = %1}2 — GTM However, in the presence of the excess
mass dM, the gravitational potential energy is increased, leading to:

1
p_l. GM _GoM (38)

2 r r

Setting the kinetic energy to zero (1v? = 0), i.e., when the expansion of the
sphere stops, we have:

GM | G6M _ GM
r ro Ty

(39)

Solving this for r, we obtain:

_ GM A
- 2(GM/ro — Gé6M) B - Br’

r

(40)

Comparing with the provided equation, we can identify A = GM and B =
2(GM/rog — GoM).

Now, let’s calculate the comoving time 7 at which the sphere stops expanding
and starts to contract. This involves integrating the comoving time dt = dr/v
from the initial radius r¢ to the radius at which expansion stops (as determined
above). Hence, we obtain:

A/B dr A/B p
T = = / dT‘ . (41)
ro  V2AGM/r—GIM)  Ji, \ A— Br




4.d (d)

Little error is incurred if we set the lower limit of the integral to zero, but retain
ro everywhere else. Using this approximation, solve for 7 in terms of G, M, é M

and ro. [You are given that fol V1 du= 3]

So,
Given the integral:

A/B -
T /0 dry/ T (42)

With A = GM and B = 2(GM/rq — G§M), the integral becomes:

" TTo
= /0 dr\/ GM — 2r(GM — GoM) (43)

Letting u = Br = 2r(GM/ro — G6M) gives us du = 2(GM /ro — G6M)dr
and dr = m. Substituting r and dr in terms of w into the integral:

! du U
T /0 2(GMJro — GoM)\ 1—u (44)

Given the integral fol \/ 7o du = 5, we can evaluate the integral as:

T v
T 4GM/ro— GoM

-
Which simplifies to:

o

"7 AGM — GoM) (e)

So the time at which the sphere stops expanding and begins to contract in
terms of G, M,dM, and ry is given by 7 = m.
4.e (e)
The expression we need to interpret is:

AT GoM AR

_Z0 4
T 70C2 R (47)

where AR/R represents the local relative change in the scale factor of the
Universe due to the effects of the density fluctuation.



This can be considered as a combination of two physical effects. In detail
they are.

1. Gravitational time dilation: When we have a mass § M in a region of
space, it warps the spacetime around it. This curvature of spacetime leads to
gravitational time dilation, When we consider CMB photons passing through
this region, their observed frequency (and hence energy, and hence temperature)
will be affected by this time dilation. This leads to the term

GoM
roc?

(48)

in our expression for %. Here G is the gravitational constant, ry is the

distance to the fluctuation, ¢ is the speed of light, and JM is the excess mass
causing the fluctuation. It’s negative because the time dilation makes the CMB
photons appear cooler, hence a decrease in temperature.

2. Change in scale factor: The second term in the expression

_AR

~ (49)

is a measure of the relative change in the scale factor due to the density fluc-
tuation. This term describes the local expansion or contraction of the universe
caused by the density fluctuation. For an overdensity, the gravitational attrac-
tion will slow the local expansion of the universe. This means that CMB photons
travelling through this region will be less redshifted (hence appear warmer) than
those in regions which have expanded more. This term is negative, because for
an over-density fluctuation, the relative change in the scale factor AR/R is
negative (the region has expanded less than average).

So The total temperature fluctuation in the CMB due to a density fluctuation
is the sum of these two effects:

AT GSM AR

T 12 R (50)
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